Abstract. The problem of nonparametric estimation for a Poisson process governed by a Markov chain with continuous time is considered in the case of incomplete observations. A method of the nonparametric estimation is proposed. The method is based on a representation of such a process in the form of a hidden Markov model. An example for the estimation of unknown distribution functions is considered in the case of incomplete observations after a compound Poisson process governed by a simple Markov regenerative process.
Introduction
Consider an example of a multidimensional stochastic process with a discrete interference of chance. The model considered in the paper can be described by the words "compound Poisson process governed by a Markov chain with continuous time". Processes of this type provoke a permanent interest, since they have a pronounced applied character. Specific interpretations of their structural elements create wide class of applications for studies of various natural phenomena. For example, the processes studied in [2] can effectively be applied for optimal risk control in models of logistics management as well as in those of insurance, etc. The number of publications devoted to various classes of processes with a discrete interference of chance is practically limitless.
The models considered in the current paper are also studied in [1, 3, 4, 6, 7] . The main aim of [1, 3, 4, 6, 7] is to give rigorous definitions of stochastic processes with a discrete interference of chance, to investigate the distributions of some functionals of such processes and their limit behavior, and to approximate the processes by simpler models under the condition that a structure of the process is well defined.
In a certain sense, the current paper solves an inverse problem, since we recover the elements of the "stochastic structure" of a process with discrete interference of chance from observations after functionals of its trajectories. We assume that the values of the processes are unknown and are not available for observations. The corresponding stochastic data and related methods are known under the name of "hidden Markov models" (see [8, 9, 10] ).
Mainstream
Assume that the following three random objects are defined in the same probability space (Ω, , P): (2) For every state i ∈ E, a random variable ζ i with the distribution function
is defined. (3) A Poisson process Π(t), t ≥ 0, with parameter λ that does not depend on the chain x(t) and on the family of random variables {ζ i , i ∈ E}. Assume that a point stochastic process S(n) ∈ [0, +∞) with discrete time n = 0, 1, 2, . . . describes the sequential jumps of the Poisson process Π(t), that is
Consider a family of random variables ζ
. . , i ∈ E being independent of stochastic processes x(t) and Π(t) and such that, for different values of the index k, the random variables ζ
are independent, their distribution does not depend on the index k, and is determined by the distribution functions U i (x), i = 1, 2, . . . , m.
Definition 2.1. A stochastic vector process
is called a multidimensional compound Poisson process governed by a Markov chain with continuous time if
Consider the following stochastic process
According to [8, 9] , the process ζ(k), k = 1, 2, 3, . . . , can be viewed as a special representative of a "hidden Markov model". It is shown in [2] that this stochastic process is one of the coordinates of a "hidden Markov model" (ζ(k), η(k)), k = 0, 1, 2, . . . , where η(k), k = 0, 1, 2, . . . , is a certain Markov chain. The transition probabilities of the "hidden" chain are also found in [2] .
Consider the problem of nonparametric estimation for the model described above in the case of incomplete statistical information. Namely we assume that the stochastic process ζ(k), k = 1, 2, 3, . . . , is observable and let
be the vector of its N sequential values. The values of the Markov chain x(t), t ≥ 0, and those of the Poisson process Π(t), t ≥ 0, are unknown in the intervals of observations. However we know their stochastic structure, that is we assume that the matrix A = a ij , i, j = 1, 2, . . . , m, vector π = {π 1 , π 2 , . . . , π m } of the initial distribution of the Markov chain x(t), t ≥ 0, and parameter λ of the Poisson process Π(t), t ≥ 0, are known.
Let a be some fixed real number. Consider the vector
Our main aim is to construct consistent and asymptotically normal estimatorsû
n for the vector u(a) from the vector of observations
A method of statistical estimation of parameters of hidden Markov models is proposed in [10] . An example of an application of this method is given in [11] . We will use results of the paper [10] and representation of the process ζ(k), k = 1, 2, 3, . . . , in terms of a "hidden Markov model" (see [2] ) to solve the problem of the nonparametric estimation described above.
Let A be a random event. The symbol χ[A] stands for the indicator of an event A. Consider the family of statistics
where y and z are arbitrary fixed real numbers. Further let q
. . , be a special case of a family of statistics {Q sn (y, z)} corresponding to
On the main probability space (Ω, , P), consider a discrete homogeneous Markov chain η(k), k = 0, 1, 2, . . . , with the set of states E = {1, 2, . . . , m} that does not depend on the chain x(t), on the Poisson process Π(t), and on the family of random variables {ζ i , i ∈ E}. The one step transition probabilities
of the chain η(k) can be evaluated from the system of linear equations 
. , π m } is the vector of the stationary distribution of the Markov chain η(k).
Then the system of equations
has real solutions with a probability converging to 1 as n → ∞.
Proof. Theorem 2.1 follows from the results of the papers [10] and [2] .
It is shown in the paper [10] that condition (1) for the Markov chain η(k) in a hidden Markov model (ζ(k), η(k)), k = 0, 1, 2, . . . , implies the solvability of the system of equations (2); another result of [10] is the method developed to find the solutions of system (2). According to [10] , one of the solutions of system (2) is a consistent estimator of the vector
Therefore we follow the method described in [10] for solving the system of equations (2) and for searching a consistent estimator
of the vector u (a) in the set of solutions of system (2). Some other properties of estimators obtained from the system of equations (2) are studied in the paper [10] . For example, according to [10] , the estimatorû (a) n defined in Theorem 2.1 is asymptotically normal.
Since the model under investigation has many parameters and since the estimation method described in Theorem 2.1 is rather complicate, a detailed analysis of the statistical procedure and studies of properties of estimators is almost impossible. Theorem 2.1 however indicates a way to solve these problems by using the results of [10] . It seems reasonable to study the estimators in a specific case where the true values of the parameters of the model are known.
The rest of the paper is devoted to an application of the method of Theorem 2.1 for the estimation of unknown distribution functions of a compound Poisson process governed by a simple Markov regenerative process if the statistical information is incomplete. In other words, we consider a particular case of the model and show how the statistical procedure works in a simplest situation where m = 2.
First we consider the problem of statistical estimation of unknown distribution functions in a Cox model [5] . Let (c(t), τ (t)) be a stochastic process with discrete time and assume that its values belong to {1, 2} × (−∞, ∞). We assume that c(t) ∈ {1, 2} is a homogeneous Markov chain with a matrix C of one step transition probabilities
where
and where τ (t) is a process of conditionally independent random variables defined on the Markov chain c(t), that is
c(t) , t= 1, 2, . . . .
Here τ (t)
i , i ∈ {1, 2}, t = 1, 2, . . . is a family of random variables being independent of the chain c(t), being mutually independent for different t = 1, 2, . . . , and for which the distribution functions 
and let {1, b} be the vector of eigennumbers of the matrix C, where
Consider the functions
are the two step transition probabilities of the Markov chain c(t). Put
Now let {τ (1), τ (2), . . . , τ(n), τ (n + 1), τ (n + 2)} be the vector of observations after the process τ (t) in the interval t ∈ {1, 2, . . . , n + 2}. Using these observations, we introduce the following statistics:
n (x) =T (2) n (x, x). It is easy to check that condition (1) of Theorem 2.1 holds for the Markov chain c(t) ∈ {1, 2} whose set of states consists of two elements. Let z denote the vector-column with the coordinates z 1 and z 2 , and let the symbol Δ stand for the diagonal matrix formed by numbers c 1 and c 2 at its diagonal, that is
Then the system of equations (2) used to determine a consistent estimator of the vector
becomes of the following form:
n (x). Applying the results of [10] we prove that, for an arbitrary real number x and for any i = 1, 2, the estimatorT
Next we study the solutions of the following system of equations:
The system of equations (5) is solvable, since
is one of its solutions.
, and let the entries of the orthogonal matrix U = u ij , i ∈ {1, 2}, j ∈ {1, 2}, be defined as follows:
Now we change twice the variables in the system of equations (5) As a result we obtain the following system of equations:
Then we represent the matrices C and C (2) as
12 = c 2 , g
22 = c 2 ,
, and where
12 = −c 2 , g (2) 21 = −c 1 , g (2) 22 = c 2 .
and the entries of the matrixĜ 1 = ĝ
ij , i ∈ {1, 2}, j ∈ {1, 2}, are obtained from the equalitiesĝ
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Similarly, the entries of the matrixĜ 2 = ĝ (2) ij , i ∈ {1, 2}, j ∈ {1, 2}, are obtained from the equalitiesĝ
22 = c 2 . Consider the vector-column T (x) with the coordinates T 1 (x) and T 2 (x). Since
are solutions of the system of equations (5), we have
Since the coordinates of the vector T (x) are nonnegative, we easily get the inequality
On the other hand,
Solving the system of equations (5) and applying inequalities (6) to its positive solutions, we conclude that: (i) if
then the system of equations (5) has a unique positive solution z
, where
then there exists only one positive solution z (2) = z
among the solutions of the system of equation (5), where
then both solutions are positive. Consider the following random vector y n (x) = {y n1 (x), y n2 (x)} whose coordinates are determined from equalities
.
Taking into account relations (7), (8), and (9) together with the convergence (4) of the estimators
n (x) we prove the following assertion.
Theorem 2.2. Assume that
the coordinates of the random vector y n (x) = {y n1 (x), y n2 (x)} are real numbers with the probability that approaches one as n → ∞. Moreover, (i) if β < B 1 , then the vector
is a consistent estimator of the vector
then one of the vectors, eitherŷ
(1) n orŷ (2) n , is a consistent estimator of the vector
Remark 2.1. According to Theorem 2.2, the consistent estimator of the vector T (x) is not necessarily unique, that is several solutions of the system of equations (3) can be consistent estimators. It is shown in the paper [10] that, in the case of a general "hidden Markov model"
with the set of states E = {1, 2, . . . , m}, a consistent estimator of the vector T (x) can be distinguished in the set of solutions of the system of equations (3) with the help of the statisticsT
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Condition (10) does not hold in case considered in Theorem 2.2. Indeed,
2 (x) = 0. This means that the statisticsT n (x) is useless when distinguishing a consistent estimator. On the other hand, a consistent estimator of the vector T (x) can be chosen between two candidates proposed by Theorem 2.2 if one uses one of the following two statistics:
This result follows from Lemma 4 of the paper [10] .
Remark 2.2. If assumption 1 of Theorem 2.2 does not hold and thus α + β = 1, then the stochastic process τ (t), t = 1, 2, . . . , is a sequence of independent random variables and hence one can construct an estimator for the mixture
of the distribution functions T 1 (x) and T 2 (x) from the observations {τ (1), . . . , τ (n + 2)} after the second component of the two dimensional process (c(t), τ (t)), t = 1, 2, . . . . are defined on the same probability space (Ω, , P ) together with the following two stochastic processes:
(1) a simple Markov regenerative process x(t), t ≥ 0, with parameters (μ, ν); the process x(t) is assumed to be independent of the families of random variables Ξ and Z; its set of states is E = {1, 2}; moreover, both sojourn times are assumed to be exponential with parameter μ for the state {1}, and with parameter ν for the state {2}; (2) a Poisson process Π(t), t ≥ 0, with parameter λ; the process is assumed to be independent of the families of random variables Ξ and Z, and to be independent of the stochastic process x(t), t ≥ 0. Further, let S(0) = 0, and let S(k), k = 1, 2, . . . , denote a random variable with the Erlang distribution with parameters (k, λ).
